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Rational Maps and Kleinian Groups

A rational map R : Ĉ→ Ĉ is a map of the form R(z) = p(z)
q(z) , where

p(z), q(z) are polynomials. Define deg (R) := max(deg (p), deg (q))
(algebraic degree = topological degree).

A Kleinian group is a discrete subgroup of Γ of PSL2(C). We
identify PSL2(C) with both the group of conformal automorphisms of
Ĉ and the group of orientation-preserving isometries of H3.
The Fatou set F(R) of a rational map R is the maximal open subset
of Ĉ on which the iterates {R◦n} form a normal family. Its
complement is the Julia set J (R).
The domain of discontinuity Ω(Γ) of a Kleinian group Γ is the
maximal open subset of Ĉ on which Γ acts properly discontinuously.
Its complement is the limit set Λ(Γ).
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Elementary Similarities

J (R)/Λ(Γ) = Entire sphere or nowhere dense.
J (R) = Closure of periodic points, Λ(Γ) = Closure of fixed points.
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Deeper Similarities: QC Deformations

Quasiconformal Map: An orientation preserving homeomorphism
φ : Ĉ→ Ĉ with

1 distributional derivatives φz , φz̄ ∈ L1
loc ,

2 |φz̄ | ≤ k|φz | a.e., for some k < 1.

Geometrically, dφ : Tz(Ĉ)→ Tφ(z)(Ĉ) pulls back the unit circle to an
ellipse. Condition (2) means that the ellipses are not “too stretched”;
i.e., φ is not “too far” from being conformal.
The Measurable Riemann Mapping Theorem: If µ ∈ L∞(Ĉ) and
||µ||∞ < 1, then there exists a quasiconformal map φ : Ĉ→ Ĉ with
φz̄ = µ(z)φz a.e.
Geometrically, this means that any “essentially bounded measurable
ellipse field” can be straightened to the “circle field” by a
quasiconformal map.
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Deeper Similarities: QC Deformations

φ

R or Γ φRφ−1 or φΓφ−1

If an ellipse field is R-invariant (respectively, Γ-invariant) with
straightening map φ, then φRφ−1 (respectively, φΓφ−1) is a
quasiconformally deformed rational map (respectively, Kleinian group).
Two fundamental results that implement the same philosophy:
QC deformations, and finite dimensionality of deformation spaces.
Ahlfors Finiteness Theorem: If Γ is a (finitely generated) Kleinian
group, then Ω(Γ)/Γ is a union of finitely many Riemann surfaces of
finite type.
Sullivan’s No Wandering Domain Theorem: If R is a rational map
and D is a component of F(R), then the sequence {Rn(D)}n is
eventually periodic.
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More Direct Connections?

More connections (and some differences) between the two worlds of
conformal dynamics have been found in the last three decades.

However, the dictionary is not an automatic procedure to translate
results in one setting to those in the other, but rather an inspiration
for results and proof techniques.
Attempts to find direct connections between rational dynamics and
Kleinian groups include the work of Lyubich-Minsky (analogue of
3-manifold for rational maps), McMullen (unified treatment of
renormalization), and Bullett-Penrose (realizing matings of rational
maps with Fuchsian groups as algebraic correspondences).
However, a satisfactory connection is still out of reach.
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What is The Connection between these Limit and Julia Sets?



Circle Packings, and Kleinian Reflection Groups

Circle Packing Theorem: For every connected, simple, planar graph
G , there is a (finite) circle packing PG in the plane whose contact
graph is (isomorphic to) G .

Define a kissing (Kleinian) reflection group ΓG as the group generated
by the reflections in the circles in PG .
The limit set of ΓG is connected iff G is 2-connected.
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Bowen-Series Map, and a New Connection

For a connected, simple, planar graph G , let {Di} be the (disjoint)
round disks bounded by the circles of the packing PG .

Define the Bowen-Series map ρG of ΓG as

ρG :
⋃
i

D i → Ĉ, z 7→ ρi (z), if z ∈ D i ,

where ρi is reflection in the circle ∂Di .
ρG and ΓG have the same grand orbits.
If G is a “(d + 1)-gon”, then ρG |S1 and zd |S1 are topologically
conjugate.
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A New Line in The Dictionary

Theorem
There is a natural bijective correspondence among the following three sets:

{2-connected, simple planar graphs G up to planar isomorphism},
{Kissing reflection groups Γ with connected limit sets up to QC conjugacy},
{Critically fixed anti-rational maps R up to Möbius conjugacy}.

Moreover, if ΓG and RG correspond to the same graph G , then

ρG : Λ(ΓG )→ Λ(ΓG )

is topologically conjugate to

RG : J (RG )→ J (RG ).



Constructing RG from ΓG

G ΓG RG

The action of ρG on each “invariant component” of Ω(ΓG ) is
conjugate to the Bowen-Series map of the ideal triangle group.
Topologically modify ρG by gluing in the dynamics of z2 in each of the
these components.
This produces a branched covering of S2.
A deep theorem of Thurston combined with “expansiveness” of this
branched cover allows us to topologically realize it as an anti-rational
map RG .
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Gasket Limit/Julia Sets

Theorem
Let G be a connected, simple, planar graph. Then, the limit set of ΓG is a
gasket ⇐⇒ The Julia set of RG is a gasket ⇐⇒ Γ is 3-connected.
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Hamiltonicity and QuasiFuchsian Deformation Space

Theorem
Let G be a connected, simple, planar graph. Then, ΓG is in the closure of
the quasi-conformal deformation space of the regular ideal polygon group
⇐⇒ RG is a mating of two anti-polynomials ⇐⇒ G is Hamiltonian.

G :

The blue sub-graph
corresponds to:

Pinch
γ1 and γ2:

γ1
γ2

ΓG
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Applications to Conformal Welding

φ1
φ2D

D
γ

φ−1
2 ◦ φ1 : S1 → S1 is called the welding map of the Jordan curve γ.

Characterizing circle homeomorphisms that arise as conformal welding
is an important and widely studied problem is complex analysis.
Question: Let Γ be the ideal triangle group. Is the topological
conjugacy H between ρΓ|S1 and z2|S1 a conformal welding?
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Conformal Welding = Mating Conformal Dynamical Systems

The topological conjugacy H between ρΓ|S1 and z2|S1 can be used to
glue ρΓ|D with z2|D.

This yields the topological mating η : S2 −− > S2 that fixes the
boundary of its domain of definition pointwise.
Is there a conformal realization of η?
A conformal realization, if exists, would be an anti-meromorphic map
on a simply connected domain D that fixes its boundary pointwise.
The corresponding Riemann map f : D→ D must be a rational map,
and the desired anti-meromorphic map would be given by
σ := f ◦ (1/z) ◦ (f |D)−1.

D f−−−−→ Dy1/z
yσ

Ĉ \ D f−−−−→ Ĉ
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Solution of The Welding/Mating Problem

Finally, the desired dynamics of σ (as a mating of ρΓ and z2) can be
used to find such an f : f (z) = 1/z + z2/2.
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Thank you!


